In this study, the existence of a global attractor is proven for the modified Swift-Hohenberg equation near the onset of instability with the Diriclet's boundary conditions. The modified Swift-Hohenberg equation provides a phenomenological model for pattern formation systems.
Introduction
Swift-Hohenberg type equations arise in the study of convective hydrodynamics [1] , plasma confinement in toroidal devices [2] , viscous film flow and bifurcating solutions of the Navier-Stokes equations [3] . Recently L.A. Peletier and his coworkers have published several articles on the Swift-Hohenberg equation: for instance the global attractor, the stability of stationary solutions and pattern selections of solutions of this equation have been studied in [4] [5] [6] .
We consider the following initial-boundary value problem for the modified Swift-Hohenberg equation:
2) u = 0 and ∆u = 0 for x ∈ ∂Ω (1.3) where Ω is an open connected bounded domain in R 2 , a and b are arbitrary constants and u 0 (x) is a given function from a suitable phase space. The above problem has been proposed by Arjen Doelman et al. [7] for a pattern formation system with two unbounded spatial directions that is near the onset to instability. Note that, the usual Swift-Hohenberg equation [1] is
The Standing Hypothesis A. Let A be a positive, sectorial operator on a Banach space W with associated analytic semigroup e −At . Let V 2α be the family of interpolation spaces generated by the fractional powers of A, where For the existence we consider the following initial value problem for an abstract nonlinear evolutionary equation of the form
where H is a Hilbert space. Possible choices for H include L 
(Ω), and for every u 0 ∈ K ,the global mild solution is both a strong and a classical solution of the Eq.
and K is a bounded, invariant set in H 2 0 (Ω). 
, there is a time T = T (B), with 0 < T ≤ ∞, and such that for each t, with 0 < t < T , the set V (t)(B) lies in a compact subset of H 
Gagliardo-Nirenberg Inequality
: Let Ω be an open, bounded domain of Lipschitz class in R n . Assume 1 ≤ p ≤ ∞, 1 ≤ q ≤ ∞, 1 ≤ r, 0 < θ ≤ 1 and let k − n p ≤ θ m − n q + (1 − θ ) n r . Then u(t) k,p ≤ C 1 (Ω) u(t) 1−θ 0,r . u(t) θ m,q . (2.3) Young Inequality: Let a, b ∈ R + , p ≥ 1, 1 p + 1 q = 1.
Main results
The 
Proof of this result follows the following two steps
Step 1: Dissipation in L
(Ω)
In this step the dissipation of u(t) in L 2 (Ω) will be proven. To study the dissipation of energy and the global existence of the solution, the energy methods are used as follows: Multiplying the Eq. (1.1) by u(x, t) and integrating over Ω, one gets
In order to obtain necessary estimates of solution u(x, t), we use the Gagliardo-Nirenberg inequality with k = 1, n = 2, m = 2, q = 2, r = 3, p = 4, θ = 1 10 and we get
2,2 u(t) 9 5 0,3 (3.2) and
2,2 u(t) 14 5 0,4 u(t) 28 9 0,4 .
(3.4)
Using Gagliardo-Nirenberg and Young inequalities we get u(t)
Now, choose ε 2 and λ so that
0,2 to both sides of (3.6) and replace u(t) 0,2 by u(t) 0,4 in the right hand side of (3.6) we get
10λ 10 9 u(t)
From here if u(t) 0,4 is large enough then the right hand side of the inequality (3.7) is less than zero and we get
and if u(t) 0,4 is so small that − u(t) Now, we integrate (3.6) with respect to t and using (3.8) we obtain that
where r is independent of u 0 in this sequel which will be used to prove the dissipation of energy in H 2 0 (Ω). In the next section, it is seen that the system is dissipative in H 2 0 (Ω), as well.
Step 2: Dissipation in H 2 0 (Ω) For this, we multiply Eq.
To obtain an estimate for u(t) in H 2 0 (Ω), the above inequalities and estimates are used as follows:
and using (2.3) and (3.8) one easily gets
(3.12)
Using Hölder, Gagliardo-Nirenberg and Young's inequalities Remark. Since the tools we have used work for the periodic boundary values, this result is also valid for the modified Swift-Hohenberg equation with the periodic boundary conditions in the sense [12] . That is, for any u 0 ∈ H 
